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Abstract
In certain circumstances, chiral (parity-violating) medium can be described hydrodynamically as a chiral 
fluid with microscopic quantum anomalies. Possible examples of such systems include strongly coupled 
quark–gluon plasma, liquid helium 3He-A, neutron stars and the Early Universe. We study first-order hy-
drodynamics of a chiral fluid on a vortex background and in an external magnetic field. We show that there 
are two previously undiscovered modes describing heat waves propagating along the vortex and magnetic 
field. We call them the Thermal Chiral Vortical Wave and Thermal Chiral Magnetic Wave. We also identify 
known gapless excitations of density (chiral vortical and chiral magnetic waves) and transverse velocity 
(chiral Alfvén wave). We demonstrate that the velocity of the chiral vortical wave is zero, when the full 
hydrodynamic framework is applied, and hence the wave is absent and the excitation reduces to the charge 
diffusion mode. We also comment on the frame-dependent contributions to the obtained propagation veloc-
ities.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
Understanding of the transport phenomena in chiral systems progressed a lot in recent years. 
It was mainly driven by the realization that microscopic quantum anomalies (such as the axial 
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eration of unusual electric or axial currents and propagating excitations in rotating samples as 
well as in external electromagnetic fields. Interestingly, such phenomena are potentially observ-
able in a wide span of physical situations, in, e.g., the Weyl/Dirac semimetals, strongly coupled 
quark–gluon plasma, in cold gases, superfluids and neutron stars, see Refs. [5,6] for a review. 
Hydrodynamics is a natural and widely used approach for the studies of anomalous dynamics 
in such many-body systems [7]. The anomaly-driven effects appear already at the first order of 
derivative expansion.
In this note we study first-order relativistic hydrodynamics with a single U(1) charge and 
U(1)3 triangle anomaly, in a background of a single vortex or external magnetic field. The hy-
drodynamic equations in their general form read
∂μT
μν = FναJα, ∂μJμ = C EαBα , (1)
where T μν is the energy-momentum tensor, Jμ is the current, Eμ = Fμνuν and Bμ =
1
2
μναβuνFαβ are the electric and magnetic fields in the fluid rest frame, uμ is the fluid four-
velocity, and C is the axial anomaly coefficient. The choice of a single U(1) is due to simplicity, 
and the generalization for several charges is straightforward. In what follows, we will identify 
new propagating excitations, namely thermal chiral vortical and magnetic waves. Even though 
there were many instances when the vortical and magnetic waves were mentioned in the litera-
ture (see Ref. [8] and references therein), to our knowledge, there was no systematic study made 
in the hydrodynamic framework. The goal of our paper is to fill this gap and to identify the 
anomalous propagating modes.
2. Chiral vortical wave
In the absence of electromagnetic fields, the dynamics of a fluid is governed by the conserva-
tion laws
∂μT
μν = 0, ∂μJμ = 0 . (2)
The velocity of the fluid in its own rest frame is uμ = (1, 0, 0, 0) and, in general, uμ = (1 −
v2)−1/2(1, v). We choose the Minkowski metric ημν = diag(−1, 1, 1, 1) so u2 = −1 and the 
transverse projector is defined as μν ≡ ημν +uμuν . In what follows we perform the calculations 
in the Landau frame (projections of first order terms in T μν and Jμ on uμ vanish). This choice 
is due to the fact that we consider the case of zero average charge density, which is ill-defined in 
the Eckart frame. Constitutive relations for the chiral fluid are the standard constitutive relations 
for ordinary fluid, but with an additional vortical term in the current [2],
T μν = εuμuν + pμν − ημανβ
×
(
∂αuβ + ∂βuα − 23ηαβ∂λu
λ
)
− ζμν∂λuλ, (3)
Jμ = nuμ − σTμν∂ν(μ/T ) + ξ ωμ , (4)
where n is the charge density, μ is the chemical potential, σ is the conductivity, ωμ ≡
1
2
μναβuν∂αuβ is vorticity and ξ is the chiral vortical coefficient [4]
ξ = cT T 2
(
1 − 2μn
ε + p
)
+ Cμ2
(
1 − 2
3
μn
ε + p
)
. (5)
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∂μs
μ ≥ 0, see [2]. The prefactor for T 2 in the first term cannot be derived from hydrodynamics 
only [4] and is a manifestation of additional microscopic properties of the chiral degrees of 
freedom [10]. In a wide class of physical situations it is defined by the mixed gauge-gravitational 
anomaly [11–13]. In the simplest case, when the chirality is carried by non-interacting massless 
fermions of one chirality, flavor and color, cT = 1/6 and C = 1/(2π2) [9].
Linearization of equations (2) around equilibrium leads to vortical term dropping out, as a 
higher order correction, and recovery of the purely ordinary fluid dynamic equations studied in 
the literature [14]. In order to preserve the vortical term, we consider a vortex background given 
by the following velocity profile
uμv =
(
1,−ijkxjk
)
≡ (1,vv) . (6)
This corresponds to a constant external ω = . It is important to emphasize that the rotation is 
driven by an external force and the velocity profile (6) is time-independent. In order to avoid 
relativistic corrections in uμ coming from background rotation motion, we assume R  1/, 
where R is the vortex radius (or a distance to the vortex center) and  = ||. The same will allow 
us to neglect contributions with ω0 = v · (∇× v)/2 and its variations. Consider now fluctuations 
on top of this background,
ε = ε¯ + δε, p = p¯ + δp, uμ = uμv + δuμ, δuμ = (0, δv),
n = n¯ + δn, μ = μ¯ + δμ, T = T¯ + δT , s = s¯ + δs . (7)
We can treat the background values as constants, because the leading variations of the ther-
modynamic parameters due to the external rotation are at least quadratic in ,1 e.g., ε¯/ε¯ ∼
(R)2  1. At the same time, we allow the variations of the velocity δv to be the same order as 
the velocity v, so they play the same role in the power counting. Substituting the variations into 
the conservations laws (2), we get
∂t δε + w¯∇ · δv = 0, (8)
w¯∂t δv = −∇δp + η∇2δv + (ζ + η/3)∇(∇ · δv), (9)
∂t δn + n¯∇ · δv − σT ∂μμν∂ν(μ/T )
+ 2cT T¯
(
1 − 2μ¯n¯
w¯
)
 ·∇δT + 2Cμ¯ ·∇δμ
− 2cT T¯
2μ¯n¯
w¯2
 ·∇
(
w¯
μ¯
δμ + w¯
n¯
δn − δε − δp
)
− 2Cμ¯
3n¯
3w¯2
 ·∇
(
3w¯
μ¯
δμ + w¯
n¯
δn − δε − δp
)
= 0 , (10)
where w¯ ≡ ε¯ + p¯ is the enthalpy density. Here we also used the identity ∇ · vv = 0 and dropped 
v ·∇δX terms.
Let us now perform the Fourier transform of the hydrodynamic equations with the following 
convention
1 Odd powers of  would lead to the change of sign with the change in rotation direction.
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∞∫
−∞
dω
∞∫
−∞
dk e−iωt+ik·r (ω,k) . (11)
Note that  enters equations in a scalar product with k, and, therefore, components of k perpen-
dicular to  do not contribute to anomalous terms. Therefore, to make the contribution of the 
anomaly more pronounced and for the additional simplicity, we assume that the wave-vector k is 
oriented along . For some of the effects related to the general orientation k, see Ref. [15]. We 
further decompose v = v‖ + v⊥ into a sum of components parallel and transverse to k, respec-
tively. After that the system of equations (8)–(10) becomes
ωδε = kw¯ δv‖ , (12)
ωδv‖ = kδp/w¯ − ik2γsδv‖ , (13)
ωδv⊥ + i η
w¯
k2δv⊥ = 0 , (14)
ω
(
δn − n¯
w¯
δε
)
+ iσk2δμ − iσ μ¯
T¯
k2δT
− 2cT T¯ k
(
1 − 2μ¯n¯
w¯
)
δT − 2Cμ¯kδμ
+ 2cT T¯
2μ¯k
w¯2
(
w¯n¯
μ¯
δμ + w¯δn − n¯δε − n¯δp
)
+ 2Cμ¯
3k
3w¯2
(
3w¯n¯
μ¯
δμ + w¯δn − n¯δε − n¯δp
)
= 0 , (15)
where we denoted γs ≡ (ζ + 4η/3)/w¯, k = |k|, δv‖ = |δv‖|. Below we analyze the possible 
hydrodynamic modes arising from the equations above.
2.1. Hydrodynamic modes in case n¯ = 0
We have five linearized equations (equation (14) is a vector equation) and expect to obtain 
five dispersion relations. Firstly, we notice that Eq. (14) is decoupled from all other equations, 
and we can write
ω = −i η
w¯
k2 , (16)
which is the viscous relaxation mode for the transverse velocity fluctuations. Such ω trivially 
satisfies all other equations, because we can set all fluctuations but δv⊥ to zero. Secondly, the 
condition n¯ = 0 decouples Eq. (15) from all other equations. Focusing on Eq. (15) with δT = 0, 
we obtain
ω = 2μ¯
(
C
χ
− Cμ¯
2
3w¯
− cT T¯
2
w¯
)
k − i σ
χ
k2 , (17)
where χ = (∂n/∂μ)μ=0 is the susceptibility. Formally, the dispersion relation above corresponds 
to the (“isothermal”) chiral vortical wave [16]. Its speed of propagation is given by the factor in 
front of k in the linear term. In our case it vanishes, since μ¯ = n¯/χ = 0, and we reproduce the 
usual charge diffusion. It is important to notice that, since the term nv is missing in the definition 
of the current in Ref. [16], their case is equivalent to n¯ = 0, and the wave obtained in [16] should 
not actually exist.
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is the specific heat and cs = √∂p/∂ε is the speed of sound. This allows us to rewrite equations 
(12), (13), (15) in the following form
ωcvδT = kw¯ δv‖ , (18)
ωδv‖ = kcvc2s δT /w¯ − ik2γsδv‖ , (19)(
ω + i σ
χ
k2
)
δn = 2cT T¯ kδT , (20)
where μ¯ was already put to zero. From here we obtain charge diffusion (17) together with the 
usual sound modes,
ω = ±csk − i γs2 k
2 . (21)
Above we reproduced the 5 familiar modes: two transverse relaxation modes, two sound modes 
and one thermal diffusion mode. Let us stress once again that the special case n¯ = 0 does not 
give rise to any new modes, contrary to [16].
2.2. Hydrodynamic modes in case n¯ = 0
It is easy to see that the two transverse relaxation modes are still the same as in n¯ = 0 case, 
since δv⊥ are still decoupled from other fluctuations. Further, using the standard thermodynamic 
relations
dε = T ds + μdn, dp = sdT + ndμ, (22)
w = ε + p = T s + μn, (23)
we rewrite the Eq. (15) in a more convenient form
n¯2T¯
w¯
δ(s/n)
(
ω + 2cT T¯
2μ¯k
w¯
+ 2Cμ¯
3k
3w¯
)
= i σk
2
n¯T¯
(
T¯ δp − w¯δT )− 2cT T¯ k
(
1 − 2μ¯n¯
w¯
)
δT
+
(
2Cμ¯s¯T¯
n¯w¯
− 2cT T¯
2
w¯
)
k (s¯δT − δp)
−
(
2Cμ¯3n¯
3w¯2
+ 2cT T¯
2μ¯n¯
w¯2
)
kδp . (24)
Let us consider first the case δp = 0. We get
ω = vk − iDT k2, DT ≡ σw¯
2
n¯2T¯ cp
,
v ≡ 2
(
Cμ¯s¯2T¯
n¯2cp
− cT T¯
n¯cp
(2w¯ − 3μ¯n¯)
)
− 2μ¯
w¯
(
cT T¯
2 + C
3
μ¯2
)
, (25)
where cp ≡ nT (∂(s/n)/∂T )p is the specific heat at constant pressure. The obtained dispersion 
relation corresponds to the usual thermal diffusion mode with diffusion coefficient DT , in the 
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along the vortex. To our knowledge, it has never been discussed in the literature. We call this 
excitation the “thermal chiral vortical wave”. We also note that this excitation is different from 
the chiral heat wave described in Ref. [8].
Physical meaning of the second term for the velocity (25) is the subtraction of the difference 
between the no-drag and Landau frame velocities [17],2
u
μ
Landau = uμno-drag +
2μ
w
(
cT T
2 + C
3
μ2
)
μ
+ 1
2w
(
cT T
2 + Cμ2
)
Bμ . (26)
The seeming sign mismatch between the corresponding terms in Eqs. (25) and (26) comes from 
the fact that the velocities of the waves are defined with respect to the fluid flow.
To find the other modes, one has to perform a more general calculation, similar to [14,18]. 
In order to do so, we consider a system of coupled equations (12), (13), (24) and employ the 
following thermodynamic identities, to reduce the number of independent variables to three
δp = w¯c
2
s
γ
(
αpδT + 1
n¯
δn
)
, (27)
δ(s/n) = 1
γ n¯
(
cp
T¯
δT − w¯c
2
s αp
n¯
δn
)
, (28)
δε = cp
γ
δT + w¯
n¯
(
1 − T¯ c
2
s αp
γ
)
δn, (29)
where cs =
√
(∂p/∂ε)s/n is the speed of sound, αp = −(1/n)(∂n/T )p is the thermal expansiv-
ity at constant pressure and γ = (∂(s/n)/∂T )p/(∂(s/n)/∂T )n is the ratio of specific heats, see 
Appendix A in [14] for useful relations between thermodynamic derivatives. With these substi-
tutions made, the full system of equations can be written in the matrix form
A
⎛
⎝ δnδv‖
δT
⎞
⎠= 0 , (30)
where the matrix A is defined as
A=
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
−ωT¯ c
2
s αp
γ
− i σ w¯c
2
s k
2
n¯2γ
+ α11k 0 ωn¯cp
w¯γ
+ i σ w¯k
2
n¯T¯
(
1 − c
2
s αpT¯
γ
)
+ α13k
ω
(
1 − c
2
s αpT¯
γ
)
−kn¯ ω cpn¯
γ w¯
−c
2
s k
n¯γ
ω + iγsk2 −c
2
s αp
γ
k
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
(31)
Here the coefficients in front of k are given by
2 Since the wave excitations are considered on a background of fluid resting in the direction parallel to k, the wave 
velocity vND in the no-drag frame is given by the wave velocity vL in the Landau frame with addition of the extra terms 
from Eq. (26).
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2
s μ¯
3
3γ w¯
(
1 − αpT¯ + 3s¯T¯ w¯
μ¯2n¯2
)
− 2cT c
2
s T¯
3
γ w¯n¯
(
αpμ¯
2n¯ + s¯
)
, (32)
α13 = − 2cT T¯
(
1 − 2T¯ s¯
w¯
)
− 2Cμ¯s¯
2T¯
n¯w¯
+ c
2
s αp
γ
(
−2cT T¯
3s¯
w¯
+ 2Cμ¯
3n¯
3w¯
+ 2Cμ¯s¯T¯
n¯
)
+ 2cpn¯μ¯
γ w¯2
(
cT T¯
2 + Cμ¯
2
3
)
. (33)
Three dispersion relations can be obtained from the condition det(A) = 0. One of them is 
Eq. (25). The other two are straightforward to obtain, but they are too long to be written in 
this paper. The speed of propagation of these modes is a function of  and thermodynamic quan-
tities. This mode describes a modified sound propagation. We can demonstrate it by taking the 
limit  → 0, and recovering the familiar sound modes
ω = ±csk − i γ˜s2 k
2 , (34)
where
γ˜s = γs + σw¯
2
n¯2T¯ cp
[
γ − 1 + c2s T¯
(cp
w¯
− 2αp
)]
(35)
is the modified damping rate that coincides with the one obtained in [14].
3. Chiral magnetic wave
It is easy to repeat the analysis for the case of the chiral magnetic wave [20]. To this end 
we add two terms, σFμνuν + ξBBμ, to the right-hand side of Eq. (4), where ξB is the chiral 
magnetic coefficient in the Landau frame [4]
ξB = Cμ
(
1 − 1
2
nμ
ε + p
)
− cT
2
n
ε + pT
2 . (36)
We keep the electric field equal to zero, in order to satisfy the current conservation and keep the 
transverse velocity equations decoupled. Vorticity ω is defined on the fluctuations of velocity (no 
vortex background). The Eq. (9) becomes
w¯∂t δv +∇δp − η∇2δv − (ζ + η/3)∇(∇ · δv)
= (n¯δv − σT∇(μ/T ) + ξω) × B
+ σB(B · δv) − σB2δv . (37)
Let us focus first on the equations involving fluctuations in the transverse velocity δv⊥ =
(δv1⊥, δv
2
⊥). Assuming k‖B for the same reason as for k the vorticity in the previous section, 
we obtain
(−iw¯ω + ηk2 − iξkB/2 + σB2)δv1⊥ − n¯Bδv2⊥ = 0, (38)
(−iw¯ω + ηk2 − iξkB/2 + σB2)δv2⊥ + n¯Bδv1⊥ = 0, (39)
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ω = ±Bn¯
w¯
− ξB
2w¯
k − i
( η
w¯
k2 + σ
w¯
B2
)
, (40)
where the first term corresponds to the Larmor frequency, and the second term describes a general 
form of the Chiral Alfvén Wave [19] propagating with the speed vCAW = ξB2w¯ in the direction 
opposite to B . It is important to notice that the original velocity vCAW = cT T¯ 2B/(2w¯) obtained 
in Ref. [19] in the limit T  μ is nothing but the difference in velocities between the no-drag 
and Landau frames, see (26).
Let us switch to the fluctuations of density/temperature along the magnetic field. With the new 
terms in the current, Eq. (15) becomes
ω
(
δn − n¯
w¯
δε
)
+ iσk2δμ − iσ μ¯
T¯
k2δT − CBkδμ
+ cT T¯
2Bk
2w¯2
(
2w¯n¯
T¯
δT + w¯δn − n¯δε − n¯δp
)
+ Cμ¯
2Bk
2w¯2
(
2w¯n¯
μ¯
δμ + w¯δn − n¯δε − n¯δp
)
= 0 . (41)
In the case n¯ = 0, we obtain the chiral magnetic wave dispersion relation,
ω = vχk − iDχk2 ,
vχ ≡ CB
χ
− cT T¯
2B
2w¯
, Dχ ≡ σ
χ
. (42)
We see that the first term in vχ , as well as the damping rate Dχ , reproduce the ones from 
Ref. [20], while the second term in vχ is due to the velocity difference (26). Let us now gen-
eralize the situation to n¯ = 0 and rewrite Eq. (41) as
n¯2T¯
w¯
δ(s/n)
(
ω + Cμ¯2 Bk
2w¯
+ cT T¯ 2 Bk2w¯
)
= i σk
2
n¯T¯
(
T¯ δp − w¯δT )+ CBs¯T¯ k
n¯w¯
(s¯δT − δp)
+ cT BT¯ k
w¯
δT −
(
CBμ¯2n¯k
2w¯2
+ cT BT¯
2n¯k
2w¯2
)
δp . (43)
With δp = 0, this leads to a new “thermal chiral magnetic wave” mode
ω = vTχ k − iDT k2, (44)
vTχ ≡
BT¯
n¯2cp
(cT + Cs¯2) − B2w¯
(
cT T¯
2 + Cμ¯2
)
(45)
To our knowledge, this mode has never been discussed in the literature before. The second term 
for the velocity in (45) is, again, due to (26).
4. Conclusions and outlook
The main result of this work is the discovery of new excitation modes in chiral fluid. They 
are described by wave solutions given in (25) and (45), and correspond to heat waves propagat-
ing along the vortex or magnetic field due to the quantum anomalies. We reproduced a general 
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discussed in the literature chiral vortical wave [16] is absent and simply reduces to the charge dif-
fusion mode (17). We identified frame-dependent contributions to the velocities of these waves. 
In particular, velocity of the chiral Alfvén wave from Ref. [19] is simply a difference between ve-
locities of the no-drag and Landau frames, meaning that the wave should be absent in the no-drag 
frame. As an outlook, we propose to study a more realistic situation with two charges: one vector 
and one axial. The equation on the current conservation in (2) will be replaced by two equations, 
∂μJ
μ
V = 0 and ∂μJμA = 0, and, therefore, we expect an additional hydrodynamic mode. The ex-
pressions for the chiral magnetic and vortical coefficients will slightly change [4,10,21,22]. The 
proposed calculations will be straightforward and similar to the presented in this paper.
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